Neutrino-electron scattering plays a major role in the deleptonization of the iron core during the gravitational collapse of a presupernova star and, hence, plays a major role in the success or failure of the shock ejection mechanism for type II supernovae. In this paper we present the rst simulation of realistic gravitational collapse in which neutrino-electron scattering is not approximated in the neutrino transport equation with either a truncated Legendre series or a Fokker-Planck approximation. We begin with a 1:17M iron core extracted from a Nomoto{Hashimoto 13M presupernova star. Our simulation is carried out using a code that we developed that is based on the Newtonian gravity, O(v=c) Lagrangian hydrodynamics equations and the O(v=c) neutrino Boltzmann equation. Hence, our code computes the neutrino transport accurately. To simulate the nuclear physics, we couple our code to the Baron{Cooperstein equation of state.
Introduction
Type II supernovae result when the iron core of an evolved star collapses gravitationally. For most of the collapse the pressure is dominated by degenerate, relativistic electrons. However, as the collapse proceeds and the densities increase, the iron nuclei in the core merge to form a sti , degenerate, nonrelativistic nucleon gas at densities near nuclear densities. Because the pressure sti ens, the collapse is halted and the core rebounds. Pressure waves generated at the center of the core propagate radially outward and form a shock at the sonic point (the radial location where the sound speed is equal in magnitude to the infall velocity), which will ultimately be responsible for reversing and ejecting the outer infalling layers of the star.
Numerical simulations using Newtonian or general relativistic hydrodynamics coupled to neutrino transport have shown that the position of the sonic point in the core depends sensitively on the core deleptonization during infall (Bruenn 1985 (Bruenn , 1988 Myra et al. 1987 ), which in turn depends sensitively on the neutrino transport. Electron neutrinos are generated by electron capture on free protons and protons bound in nuclei. In the process the core is neutronized. Until neutrino trapping densities are reached, the neutrinos freely escape, deleptonizing the core.
The location of the sonic point is important to the shock because the shock loses energy when it dissociates iron nuclei. If the sonic point forms farther out, the shock will dissociate less iron as it propagates radially outward, remaining more energetic and better capable of reversing infall. Unfortunately, in the numerical simulations that have been carried out so far, su cient deleptonization occurs during infall for the shock to stall because of dissociation losses, forming an accretion shock at some xed Eulerian radial coordinate. However, Wilson as reported in Bethe and Wilson (1985) ] demonstrated that the shock can be revived through electron-neutrino (antineutrino) absorption on neutrons (protons) behind the shock that results when the iron nuclei are dissociated. Despite this partial success, the essential problem of obtaining explosions consistent with observations remains.
One of the most important processes at work in deleptonizing the core during infall is neutrino-electron scattering. This can be explained as follows. During infall, neutrinos in any given region of the core tend to be \hotter" than the matter. There are two reasons for this. First, the primary production mechanism, electron capture on free protons, has a very small Q (Q = m n c 2 ? m p c 2 ? m e c 2 = 0:783MeV) and is weighted heavily toward the production of high-energy neutrinos. Second, as the electron Fermi energy increases, neutrinos of higher and higher energy can be produced. Because the electron Fermi energy increases with density, a mass shell at higher density will have produced more neutrinos of a given energy than a mass shell at lower density (because it will have been above the production threshold for a longer period of time). Consequently, (1) the net ow of neutrinos of all energies will be from higher-density to lower-density regions and (2) neutrinos owing into lower-density regions will have an even higher mean energy than those produced locally.
Because the neutrinos are \hotter" than the matter, energy is transferred from the neutrinos to the matter by any neutrino-matter interaction that tends to equilibrate them thermally, i.e., any neutrino-matter interaction that involves an energy exchange. Bruenn and Haxton (1991) considered a number of such processes: neutrino absorption and emission on free protons and nuclei, electron-positron pair annihilation, inelastic neutrino-nucleus scattering, and neutrino-electron scattering. Of these, neutrino-electron scattering was found to be the most e ective in thermally equilibrating neutrinos and matter. Neutrino-nucleus inelastic scattering was about one-third as e ective, and the other processes were by comparison negligible.
Neutrino-electron scattering is important for core deleptonization precisely because of this energy exchange. The neutrino mean free paths are strongly energy dependent, increasing with decreasing neutrino energy. As a result, if a neutrino's energy is lowered during an electron scattering, its mean free path is increased, which makes it more likely to escape from the core, carrying with it lepton number. Thus, neutrino-electron scattering increases core deleptonization. Neutrino-electron scattering increases core deleptonization also by increasing the matter entropy (because of neutrino downscattering), which in turn increases the free proton fraction, providing more protons for electron capture and neutrino production. Net deleptonization is directly proportional to the free proton fraction (Van Riper and Lattimer 1981; Bruenn 1985; Mezzacappa and Bruenn 1992a) .
Various approximations have been made in the treatment of neutrino transport and neutrino-electron scattering in most of the numerical simulations of core collapse that have been carried out to date. In particular, Wilson et al. (1975) , Bowers and Wilson (1982) , and Myra et al. (1987) used a multigroup ux-limited di usion approximation for the neutrino transport and treated neutrino-electron scattering using a Fokker{Planck approximation.
This approximation is strictly valid only for j 4 e = e j 1, i.e., for neutrino energy transfers small in comparison with the initial neutrino energy. This restriction is not satis ed for many neutrino-electron scatterings, and phenomenological adjustments of the Fokker{ Planck formalism are necessary for its use in core collapse calculations. On the other hand, Bruenn (1985) computed neutrino-electron scattering directly. However, because all of the aforementioned investigations used a multigroup ux-limited di usion scheme for the neutrino transport, only the zeroth (and possibly the rst) Legendre moments of the neutrino scattering kernels were used.
Recently we presented the results from a collapse simulation in which the neutrino transport was treated exactly by solving the time-dependent Boltzmann equation (Mezzacappa and Bruenn 1992a) . Details of the nite di erencing used in our code are given in Mezzacappa and Bruenn (1992b) .] However, neutrino-electron scattering was not included. In this paper we present the results of a collapse simulation in which the neutrino Boltzmann equation is used for the neutrino transport and neutrino-electron scattering is included without any approximation to the neutrino-electron scattering kernels. We present our results together with the results obtained with Bruenn's multigroup ux-limited di usion code. Hence, we are also able to make an accurate and unambiguous assessment of the approximations made in the treatment of neutrino-electron scattering when multigroup ux-limited di usion is used for neutrino transport during core collapse.
As in Mezzacappa and Bruenn (1992a) , we again consider the Newtonian gravity, O(v/c) hydrodynamics limit. We include electron capture on nuclei and free protons, along with the inverse processes; conservative scattering of neutrinos on nucleons and conservative coherent scattering of neutrinos on nuclei; and neutrino-electron scattering. We focus on the infall phase and therefore include only electron neutrinos. Ultimately we will include general relativity and all neutrino avors. Except for neutrino-electron scattering, our emissivities, opacities, and scattering kernels are taken from Bruenn (1985) . For neutrino-electron scattering, we take our kernels from Schinder and Shapiro (1982) and Schinder (1989) . We use the Cooperstein (1985) equation of state for subnuclear densities. For supernuclear densities we use the parametrized equation of state of Baron, Cooperstein, and Kahana (Baron et al. 1985) . Our collapses begin with a Nomoto{Hashimoto (1988) presupernova con guration with a core mass of 1:17M .
2 Partial Di erential Equations
With the exception of the terms involving neutrino-electron scattering, the material in this section is presented in greater detail in Mezzacappa and Bruenn (1992a The quantities 0 , , v, and P are the uid rest-mass density, speci c internal energy, velocity, and pressure, respectively. Equations (1) and (2) are the density and speci c internal energy equations, respectively. The rst term in the energy equation is the PdV work done on the uid as it is compressed. In the velocity equation, equation (3), the rst term is the gravitational acceleration and the second term is the uid acceleration due to the uid pressure gradient. The terms in equations (2) and (3) containing the quantity Q are the arti cial viscosity terms.
The third term in the energy equation is the energy exchange between the neutrinos and the uid via emission and absorption of neutrinos by nucleons and nuclei. Speci cally we have electron capture on protons, producing electron neutrinos and neutrons, and the inverse process: electron-neutrino absorption on neutrons. We also have electron capture on nuclei and the inverse process: electron-neutrino absorption on nuclei. The integrand contains the neutrino emissivity, j, the neutrino opacity,~ , and the \speci c" neutrino distribution function, F f= 0 . The neutrino opacity,~ , is corrected for stimulated absorption:
The last two terms in the energy equation give the energy exchange between the neutrinos and the uid as a result of neutrino-electron scattering. The scattering kernels, R in=out NES ( 0 ; 0 0 ; E 0 ; E 0 0 ) 0 R in=out NES ( 0 ; 0 0 ; E 0 ; E 0 0 ), are the in-and outscattering kernels, respectively.
To parameterize the neutrino 3-momentum, we use spherical momentum coordinates p = E 0 =c, 0 , and 0 . The quantity E 0 is the neutrino energy. The momentum-space angles are shown in Figure 1 . In equations (2) and (3), 0 cos 0 . The advantage of this parameterization is that in spherical symmetry the neutrino distribution function, f, is only a function of E 0 and 0 , not of 0 . In equations (2) and (3), C 0 = 1:602 10 ?6 ergMeV ?1 . (Our neutrino energies are given in MeV, and the product hc is expressed in MeVcm.)
The last four terms in the velocity equation are the neutrino stress terms. The \total" opacity, T , is the sum of the absorption and isoenergetic scattering opacities:
where the scattering opacity, 
In equation (6), R IS is the sum of the kernels for conservative scattering of electron neutrinos on protons and neutrons and conservative coherent scattering of electron neutrinos on nuclei. The last two terms in the velocity equation give the neutrino stress exerted on the uid as a result of neutrino-electron scattering. The electron-neutrino distribution function is evolved using the O(v=c) Boltzmann equation (Castor 1972; Bruenn 1985 
The mass derivative term on the left-hand side of the Boltzmann equation describes the propagation of neutrinos with respect to the Lagrangian mass coordinate, m. Outwardly propagating neutrinos have 0 > 0, whereas inwardly propagating neutrinos have 0 < 0. The rst -derivative term describes the rate of change of the neutrino propagation direction with respect to the outward radial direction as the neutrino propagates inward or outward in mass. The second -derivative term describes the aberration in the neutrino propagation direction due to the motion of the uid. The energy-derivative term describes the shift in the neutrino energy due to the motion of the uid. On the right-hand side of equation (7), the rst two terms describe the change in the neutrino distribution function due to the absorption and emission of neutrinos by nucleons and nuclei. The next two terms describe the conservative inscattering and outscattering, respectively, of neutrinos by nucleons and nuclei, and the last two terms describe neutrino-electron scattering. 
Expressions for the neutrino emissivity, j, the neutrino opacity, , and the isoenergetic scattering kernel, R IS , can be found in Mezzacappa and Bruenn (1992a) . In the next section we give the expressions that we use for the neutrino-electron scattering kernels, R in=out NES . 10 3 The Scattering Kernels For E 0 6 = E 0 0 , the neutrino-electron scattering kernels are written as (Schinder and Shapiro 1982) R out NES (E 0 
In equations (11) 
f (x) = 1 e x=T ? 1
and the functions G n (y) are de ned in terms of Fermi integrals: 
In turn, the polylogarithms can be accurately computed numerically using Chebychev expansions (Kolbig, Mignaco, and Remiddi 1970) . At this point we note that the Chebychev expansions given in Kolbig, Mignaco, and Remiddi (1970) 
which are also given in Kolbig, Mignaco, and Remiddi (1970) . For E 0 = E 0 0 , the functions I 1;2;3 (E 0 ; E 0 0 ; !) in equation (9) are replaced by (Schinder 1989) I 1 (E 0 ; !) = 2 TE 
with the appropriate simpli cation of ; y 0 ; A; B, and C in equations (14) through (18) and with
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The neutrino-electron scattering kernels that appear in the Boltzmann equation, equation (7), are functions of 0 ; 0 0 ; E 0 , and E 0 0 . However, the scattering kernels, equation (9), are functions of 0 ; 0 0 ; E 0 ; E 0 0 , and 0 . There are two procedures for performing the dimensional reduction from R out NES (E 0 ; E 0 0 ; !) = R out NES (E 0 ; E 0 0 ; 0 ; 0 0 ; 0 ) to R out NES (E 0 ; E 0 0 ; 0 ; 0 0 ). One method is simply to integrate R out NES (E 0 ; E 0 0 ; !) over 0 numerically, i.e.,
The other method (Schinder and Shapiro 1982) is to expand the scattering kernel in a Legendre series:
where the Legendre coe cients are given by
Using the addition theorem (Gradshteyn and Ryzhik 1980) , we can express P l (!) as follows:
If we substitute equation (35) for P l (!) in equation (33) and integrate over 0 , using equation (32), we obtain an expansion for R out NES (E 0 ; E 0 0 ; 0 ; 0 0 ) in terms of P l ( 0 ) and P l ( 0 0 ):
Although equation (36) gives the scattering kernel as an in nite sum of moments, in practice the sum is truncated at some nite value, l max , which is dictated by the number of quadrature points used for 0 . A problem for any method used to compute R out NES (E 0 ; E 0 0 ; 0 ; 0 0 ) is that it is in nite for forward scattering (! ! 1: 0 = 0 0 ; E 0 = E 0 0 ; 0 = 0). The singular behavior of 14 R out NES (E 0 ; E 0 0 ; 0 ; 0 0 ) can be clearly exhibited by considering the behavior of the functions I 1;2;3 (E 0 ; !), given by equations (28) through (30), as ! ! 1:
I 3 (E 0 ; !)
Furthermore, if we de ne x cos 0 , for forward scattering we obtain 1?! = (1? 2 0 )(1?x). If we perform this transformation of variables in the integral, equation (32), we get the following limiting behavior for x ! 1 (! ! 1):
( 39) which is divergent. Thus, R out NES (E 0 ; E 0 0 ; 0 ; 0 0 ) is in nite for 0 = 0 0 ; E 0 = E 0 0 . Schinder and Shapiro (1982) avoided this problem by staggering their energy grids slightly, with E 0 0 = E 0 + 0:01. However, in so doing they do not actually compute forward scattering. We have chosen a di erent approach. Although R out NES (E 0 ; E 0 0 ; 0 ; 0 0 ) is in nite for 0 = 0 0 and E 0 = E 0 0 , we use the fact that it is integrably nite, i.e., the integral of R out NES (E 0 ; E 0 ; 0 ; 0 0 ) over any nite range in 0 0 is nite. The kernels R out NES (E 0 ; E 0 0 ; 0 ; 0 0 ) appearing in the Boltzmann equation should be considered as averages over the nite zone widths of the 0 -grid and should therefore be nite. To obtain a well-de ned and physically reasonable value for R out NES (E 0 ; E 0 ; 0 ; 0 ), we integrate the expansion, equation (36) 
In equation (41), j+1=2 are the discrete direction cosines, which in our case are given by Gaussian quadratures; the w j are the corresponding weights. The energies, E k+1=2 , are the discrete neutrino energies. For more details on the nite di erencing, see Mezzacappa and Bruenn (1992b) .] Solving equation (41) 
The integral in equation (43) is performed numerically using 24-point Gaussian and Laguerre quadratures for the electron energy. This completes our method for computing the neutrinoelectron outscattering kernels. Once the outscattering kernels are computed using the method we have just outlined, the inscattering kernels are computed from (Bruenn 1985) R in NES (E 0 
and comparing with the values of out NES;0 (E 0 ; E 0 0 ) computed by the multigroup ux-limited di usion code. Except for upscattering kernels involving large energy exchange, our results agreed to three or four signi cant gures. The upscattering kernels di ered by up to 20%, but these kernels are tens of orders of magnitude smaller than the downscattering or isoenergetic scattering kernels and are therefore negligible.
Core Pro les and Discussion
In this section we present the results obtained with our Boltzmann code and Bruenn's multigroup ux-limited di usion code for core collapse that includes neutrino-electron scattering (NES). For comparison, we also include some of the results from the Boltzmann code and the di usion code for core collapse that does not include NES (Mezzacappa and Bruenn 1992a) . Our discussions focus on those e ects that result when NES is included. For a complete discussion of all other e ects, see Mezzacappa and Bruenn (1992a) .
All of our results were obtained using 102 mass shells to resolve the Nomoto{Hashimoto iron core, which is shown in Figure 2 ; 4-point Gaussian quadrature to resolve the neutrino angular distribution (for the Boltzmann code); and 12 geometrically spaced energy zones to span the neutrino energy range between 5 and 226 MeV .
Here we also point out that the results in this section were obtained with m e = 0 in the scattering kernels, equation (9). This approximation is made by Bruenn (1985) , and, because we are interested in comparing results, we used the same approximation in our runs.
However, a collapse run with m e 6 = 0 was carried out with the Boltzmann code with no change in the results.
Hydrodynamics
In Figure 3 we graph the infall velocity as a function of core radius. Aside from the presence of an initial transient at c = 1 10 11 gcm ?3 , the velocity pro les obtained with the two codes are coincident throughout the core at c = 1 10 11?14 gcm ?3 for core collapse including NES (model NES) and core collapse excluding NES (model NONES).
For reasons that we will discuss shortly, NES increases core deleptonization. With increased deleptonization, the size of the homologous core, which is de ned by v(m; t)=r(m; t) = ? (t) (56) decreases. This was anticipated by Yahil (1983) and seen in numerical simulations by Bruenn (1985 Bruenn ( , 1989 and Myra et al. (1987) . Although this is evident at c = 1 10 13 gcm ?3 , at c = 1 10 14 gcm ?3 there is little distinction in radius between the edge of homology for model NES and the edge of homology for model NONES. However, the contained mass is less for model NES (see Figure 4) . Hence, the outer core will be more massive and more iron will be dissociated by the shock as it attempts to propagate radially outward. The shock expends of order 10 51 ergs when it dissociates 0:1M of iron; observed explosion energies are approximately 1:5 10 51 ergs.
19
In Figure 5 the density is plotted as a function of mass. For models NES and NONES and for all values of the central density, the pro les obtained with the two codes are coincident throughout the core. Note the more rapid fallo in density with mass at c = 1 10 13?14 gcm ?3 for model NES. This more rapid fallo or steepening in the density pro le is shown dramatically in Figure 6 , where we plot the ratio of the densities for models NES and NONES as a function of mass. At c = 1 10 14 gcm ?3 , this ratio dips to a minimum of slightly less than 0.3 at an enclosed mass of 0:86M .
The steepening of the density pro le for model NES con rms a feature of Yahil's (1983) similarity solutions. The collapse parameter, 0 = (v ff =v) 2 j r=0 , becomes smaller as the e ective adiabatic exponent, , de ned by P = , decreases, i.e., the inner core collapses faster for smaller values of . On the other hand, the collapse of the outer core is characterized by a constant asymptotic ratio of v to v ff of 0.66, independent of . Thus, the inner core \falls away" from the outer core more rapidly for smaller . By increasing the core deleptonization, the e ect of NES is to reduce , which eventually leads to a more rapid fallo in density. As we will discuss shortly, this more rapid fallo a ects some of the other core pro les as well.
Entropy
In Figures 7 and 8 we plot the core entropy pro les as a function of mass. For models NES and NONES and for all values of the central density, the entropy pro les obtained with our Boltzmann code and Bruenn's ux-limited di usion code show good agreement throughout the core.
The equation governing the time rate of change of the matter entropy during collapse is (Bruenn 1985; Mezzacappa and Bruenn 1992a) and an electron (negative if the neutrino loses energy); and ? NES is the NES rate. The entropy changes because (1) the number of particles changes due to the absorption or emission of neutrinos rst term in equation (57)], (2) the internal energy changes due to these processes second term in equation (57)], and (3) energy is transferred between the neutrinos and the matter as a result of nonisoenergetic NES third term in equation (57)]. These three e ects compete to give a net increase or decrease in the entropy. The total entropy change depends, in addition, on the net decrease in Y e .
If 0 > ( e ) effective , the rst two terms in equation (57) contribute positively to _ s; if 0 < ( e ) effective , they contribute negatively. NES plays a small role here by increasing ( e ) emission and reducing ( e ) absorption . (It does so by increasing the distribution function, f, at low energies and reducing it at high energies.) In turn this increases ( e ) effective , which causes _ s to remain negative longer and in general reduces _ s during collapse. However, the net e ect when NES is included is to increase _ s. The third term in equation (57) is responsible for this. That this is indeed the dominant term is in accord with the lower mean neutrino energies for model NES (see Figures 20 and 21) . NES also increases s by increasing the net (negative) change in Y e (see Figures 9 and 10 ). This last e ect is a positive-feedback e ect and occurs because of the increased electron capture rate brought about by the increase in the free proton fraction with increased entropy.
At c = 1 10 12 gcm ?3 , the entropy near the core center is greater for model NES than for model NONES. This trend extends throughout a larger fraction of the inner core as the central density increases to c = 1 10 13?14 gcm ?3 . However, for c = 1 10 13 gcm ?3 and 0:66M m 1:00M , the entropy is slightly less for model NES, and for c = 1 10 14 gcm ?3 and 0:74 m 1:04M , it is noticably less. This occurs because the density of a given mass shell in the outer core for model NES is lower than that of the corresponding mass shell for model NONES when the two models have the same central density. (Recall our earlier discussion of how NES causes the inner core to \pull away" faster from the outer core.) In e ect, the outer core for model NES is less evolved than the outer core for model NONES. To illustrate this point, consider the mass shell enclosing 0:9M . Its initial density and entropy are 1:126 10 gcm ?3 , whereas its entropy for model NONES is 1:673. Hence, the entropy is increasing more rapidly with increasing density in the outer core for model NES than it is for model NONES (NES is becoming important at 1:489 10 11 gcm ?3 ). However, the density in the outer core for model NES increases more slowly with c . The latter e ect is more important and at a given c causes the entropies to be lower in the outer core for model NES.
Near the core center there is very little change in entropy between c = 1 10 13 gcm ?3 and c = 1 10 14 gcm ?3 for model NES because the neutrinos and the matter have equilibrated. This is true for a much smaller central region of the core for model NONES, indicating that neutrino-matter equilibration occurs sooner for model NES. In fact, neutrino-matter equilibration is achieved at about an order of magnitude lower in density when NES is included. This comes about because (1) the neutrino production rate is higher because of the increased free proton fraction, which results from the higher matter entropies; (2) neutrino downscattering rapidly populates the low-energy neutrino states, which would otherwise be lled more slowly by neutrino emission, which is slow at low energies; and (3) as a result of neutrino downscattering, high-energy neutrino states are freed and are quickly re lled by emission, which is fast at high energies.
Electron Fraction
The electron fraction is plotted in Figures 9 and 10 as a function of mass. For models NES and NONES the results obtained for Y e using the Boltzmann solver are in good agreement throughout the core and for all values of the central density with the results obtained using multigroup ux-limited di usion.
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At c = 1 10 12 gcm ?3 , there is more electron capture near the core center for model NES as a result of the increased entropy (see Figure 7) and, hence, the increased free proton fraction in this region. The increased electron capture in the central region of the core extends, as does the increased entropy (see Figure 8) gcm ?3 , whereas its electron fraction for model NONES is 0:4082, which is essentially the same. Hence, up to this point the electron fraction is decreasing at about the same rate with increasing density for the two models, but the density in the outer core for model NES increases more slowly with c (see Figures  5 and 6) . As a result, for a given c , the electron fraction is higher in the outer core for model NES. As this mass shell collapses to higher densities, NES becomes more important and the electron fraction decreases more rapidly with increasing density for model NES than for model NONES.
Finally, note that for c = 1 10 14 gcm ?3 and 0:0 m 0:68M , the electron fraction exhibits the same behavior exhibited by Y L (see Section 4.4 and Figure 13) ; namely, the change in Y e from its initial value is independent of m.
Deleptonization
In Figure 11 For all three shells, model NES exhibits greater deleptonization because (1) neutrino downscattering via NES increases the entropy (see Figures 7 and 8 ) and, consequently, the free proton fraction, which in turn increases the electron capture/neutrino production rate, and (2) neutrino downscattering increases the neutrino mean free paths and, consequently, the neutrino transport out of the core.
If the energy-averaged Eulerian trapping density is de ned as the density at which the mean outward neutrino drift velocity is equal to the inward material velocity, then for model NONES the energy-averaged Eulerian trapping densities for the mass shells at m = 0:008M and 0:296M are 7:5 10 11 gcm ?3 and 6 10 11 gcm ?3 , respectively. For model NES the trapping densities for these mass shells are 1:3 10 12 gcm ?3 and 9:2 10 11 gcm ?3 , respectively. (Neutrino downscattering increases the neutrino mean free paths, which in turn increases the neutrino trapping densities.) Comparing these trapping densities with the densities at which the curves for Y L atten out, we see that for model NONES deleptonization proceeds for both mass shells up to densities more than an order of magnitude greater than their respective trapping densities. This is because many of the neutrino energy states below the electron Fermi surface remain un lled until late in the collapse, when they are lled by emission. In fact, neutrinos and matter do not equilibrate until densities exceed 1 10 13 gcm ?3 (Mezzacappa and Bruenn 1992a) . Consequently, negative radial gradients in the neutrino number exist at these energies, resulting in signi cant neutrino di usion through the matter (Mezzacappa and Bruenn 1992a) . For model NES this does not occur, because the low-energy neutrino states are lled sooner in the collapse by neutrino downscattering. Transport is therefore largely con ned to the neutrino Fermi surface. Because the energy of the Fermi surface increases rapidly with density and because neutrino mean free paths scale inversely with the square of the neutrino energy, for model NES, neutrino transport and, therefore, deleptonization become negligible at densities close to the neutrino trapping densities.
In Figures 
Electron-Neutrino Fraction
In Figures 15 to 17 we plot the electron-neutrino fraction as a function of mass. For models NES and NONES and for all values of the central density, there is good agreement in the inner core between the neutrino fractions computed by the Boltzmann and ux-limited diffusion codes. However, there are signi cant di erences in the outer core, which result from the di erent treatment of the neutrino transport. For more discussion on this point, see Mezzacappa and Bruenn (1992a) .]
In Figures 18 and 19 , for c = 1 10 14 gcm ?3 and for models NES and NONES, we plot as a function of mass the fractional di erences in the electron-neutrino fractions and densities computed by the two transport codes. In Figure 18 it is evident that the fractional di erence in Y e in the outer core is signi cantly greater for model NES. (In Figure 18 , the Boltzmann results were obtained using 4-point Gaussian quadrature. For our purposes, it is su cient to consider 4-point quadrature because we are interested in the e ect that NES has on the fractional di erences for a given 0 -quadrature. 
Thus, at m 1:1M , ( n e =n e ) NES 0:39 ? 0:04 = 0:35, whereas ( n e =n e ) NONES 0:30 ? 0:10 = 0:20 . Therefore, ( n e =n e ) NES ? ( n e =n e ) NONES = 0:15, whereas ( Y e =Y e ) NES ? ( Y e =Y e ) NONES = 0:09 ; i.e., NES has a greater e ect on the fractional di erence between the neutrino number densities computed by the two transport codes than on the fractional di erence between the electron-neutrino fractions. If we de ne the neutrinosphere for each neutrino energy group as the mass shell at which the optical depth (de ned in terms of the total opacity) is 2=3, at c = 1 10 14 gcm ?3 for model NONES the neutrinospheres for neutrinos at 5; 7; 10; 14; 20; 28; 40; 57; 80; 113; 160, and 226 MeV are at enclosed masses of 0:895; 0:949; 1:002; 1:036; 1:068; 1:093; 1:111; 1:124; 1:131; 1:137; 1:137, and 1:144 M , respectively (the common neutrinosphere for 113 and 160 MeV neutrinos is a consequence of the discrete spatial zoning). For model NES, the neutrinospheres are located at enclosed masses of 0:842; 0:906; 0:960; 1:013; 1:050; 1:080; 1:105; 1:117; 1:131; 1:131; 1:137, and 1:137 M , respectively. Thus, in Figure 18 we see that the rise in the fractional di erence between the electron-neutrino fractions computed by the two transport codes occurs for both models precisely in the region enclosing successive neutrinospheres, i.e., in the transition region, where the neutrino distribution is becoming forward peaked.
For both codes, at c = 1 10 12 gcm ?3 , the neutrino fraction in the inner core is 25 greater for model NES. The increased entropy (see Figure 7 ) and, hence, the increased free proton fraction result in increased neutrino production in this region. However, at c = 1 10 13?14 gcm ?3 , the situation in the inner core is rather di erent: the neutrino fraction is less for model NES. At these higher densities, neutrinos have equilibrated with the matter, and a lower value of Y e results because Y L is lower (see Figure 13) .
In the outer core, for c = 1 10 12?14 gcm ?3 , Y e is considerably greater for model NES. This is partly because the neutrino number is slightly greater, as can be inferred from the slightly greater neutrino luminosities (see Figure 22) gcm ?3 and models NES and NONES, the average neutrino energies computed by the two transport codes are in good agreement throughout the core. In the outermost spatial zone, for model NONES and c = 1 10 12?14 gcm ?3 our data show that the average neutrino energies computed by the Boltzmann code are 3:4, 5:1, and 5:2 percent higher, respectively, whereas for model NES they are 3:7, 4:2, and 4:3 percent higher, respectively.
For both codes and for c = 1 10 11?14 gcm ?3 , the average neutrino energy is less for model NES. However, we note that between c = 1 10 12 gcm ?3 and c = 1 10 13 gcm ?3 , the di erence becomes much less pronounced near the core center. At c = 1 10 12 gcm ?3 , neutrino-matter equilibration has not yet occurred and neutrinos are still being produced much \hotter" than the matter (as described in Section 1). For model NONES the neutrino mean energy for the most part re ects the mean neutrino production energy. However, for model NES neutrino mean energies are substantially lowered by neutrino downscattering. At c = 1 10 13 gcm ?3 , neutrinos have equilibrated with the matter for both models, NES and NONES. Consequently, for model NES there is no longer any net downscattering, and the di erence between the mean neutrino energies for the two models re ects the di erence in their nal equilibrium thermodynamic state. The most important di erence, as far as the mean neutrino energies are concerned, is that Y L is lower for model NES (see Figure 13) . This reduces the electron and electron-neutrino chemical potentials, e and e , respectively, which reduces the mean neutrino energy. Note that for completely degenerate neutrinos the mean neutrino energy is 3 e =4.
Neutrino Luminosity
In Figure 22 we plot the luminosity as a function of radius. The luminosity is de ned by L(r) 8 gcm ?3 , we plot the fractional di erence between the neutrino luminosities computed using Boltzmann transport and ux-limited di usion. Late in the collapse, the most pronounced di erence between the two occurs in the inner core at c = 1 10 14 gcm ?3 , where the maximum di erence is 50 percent, although the di erence is less for model NES than for model NONES (see Figure 24 ). This di erence between L Boltz e and L MGFLD e in the inner core at high density is a numerical e ect, as we now demonstrate.
We observe that for model NONES the quantity L e =hL e i is reduced at the core center from 0:80 to less than 0:10 when the number of angular quadrature points in the Boltzmann code is increased from 4 to 16 (see Figure 25 ). (We also note that there is little di erence between the 8-and 16-point quadrature results in the inner core at this density, i.e., the results show convergence.) To demonstrate why the 0 -quadrature is important near the core center (and not just in the outer core, where the neutrinos become forward peaked), we consider the radial and 0 \advection" terms in the Boltzmann equation, equation (7), which can be written in two forms: The second form is conservative for neutrino number and energy and is the form we adopt in our work. At high densities, the distribution function becomes isotropic for all neutrino energies and the second term in expression (68) vanishes. Thus, if the advection terms are written in nonconservative form, the 0 advection term is not important near the core center. However, if we use the conservative form, expression (69), the second term does not vanish when the distribution is isotropic and, because of the 1=r dependence, it is important near the core center. Consequently, the 0 quadrature and the nite di erencing for this term will be important near the core center at all densities. The discrete energy zoning also has some e ect on L e =L e near the core center at high density. If the number of quadrature points is held xed and the number of energy zones is increased (spanning the same energy range), it is evident from Figure 26 , where we plot L e =L e for model NONES, 4-point Gaussian quadrature, and 20 energy zones, that the fractional di erence in luminosity at the core center is reduced by 0:20. The fractional di erence in luminosity is a ected by the energy zoning because it is sensitive to oscillations in the individual luminosities computed by the two transport codes. If the courser energy zoning is used, the luminosity throughout the inner core for both codes is subject to oscillations because (1) as the density increases and the neutrino Fermi surface increases beyond each high-energy zone center, there is a discontinuous increase in luminosity (each high-energy zone occupies a large fraction of phase space) and (2) as the density increases, the neutrino opacities increase, which tends to decrease the luminosity. The oscillations result from a competition between these two e ects. In Figure 27 , where we plot the luminosity for model NONES for several mass shells as a function of density during collapse, the oscillations are evident. In Figure 28 it is evident that the oscillations are eliminated when 20 energy zones are used. Note that the oscillations are con ned to the inner core, where the transport is limited to the vicinity of the Fermi surface.
Going back to Figure 23 , but this time focusing on the outer core, at c = 1 10 13?14 gcm ?3 in the region r > 50 km, where the neutrinos are approaching radial free streaming which is indicated by the attening in L(r)], we see that L Boltz e is larger than L MGFLD e by as much as 18 to 19 percent. This is not a numerical e ect. Comparing Figures 24 and 25 for model NONES, it is evident that L e =L e in this region is independent of the 0 quadrature: for 4-point quadrature the maximum di erence is 20 percent, whereas for 16-point quadrature it is only 2 percent higher, and the fractional-di erence pro les are nearly identical for the two cases. From Figure 26 it is also evident that the fractional di erence is independent of the number of energy zones used. Note that the maximum fractional di erence in this region is a bit less for model NES than it is for model NONES.
If we de ne the neutrinosphere for each neutrino energy as we discussed earlier (see in the fractional di erence between the luminosities computed by the two transport codes occurs precisely in the transition region above the neutrinospheres for the energy groups contributing most to the luminosity, where the neutrino distribution for these energy groups is becoming forward peaked.
For either transport code, the biggest di erence between the luminosity for model NES and the luminosity for model NONES occurs at c = 1 10 12 gcm ?3 ; the luminosity is higher throughout the core for model NES. This results from the increased neutrino production rate for model NES, as re ected in the higher values of Y e (see Figure 15) , and the more rapid outward neutrino transport for model NES because of the lower mean neutrino energies (see Figure 20 ). These two e ects more than make up for the fact that on the average each neutrino carries less energy in model NES.
As the central density increases, the di erence in luminosity in the inner core decreases and, eventually, the luminosity for model NES is surpassed by the luminosity for model NONES. At higher densities, (1) there are fewer neutrinos in the inner core for model NES (see Figure 16 ) and (2) the increased outward transport that results from neutrino downscattering is reduced as the neutrinos equilibrate with the matter and net downscattering ceases. In the outer core the luminosity for model NES remains higher.
In Figures 29 and 30 we plot the luminosity spectrum at the iron core surface. The luminosity spectrum is de ned by 
In equation (70), the distribution function, f, is evaluated at m = M, where M is the total mass of the core; R is the radius at the core surface. For models NES and NONES and for c = 1 10 12?14 gcm ?3 , the luminosities computed using Boltzmann transport are higher than those computed using ux-limited di usion for neutrino energies above 10 ? 20 MeV , and the di erence between the two increases with increasing energy. At c = 1 10 14 gcm ?3 , the di erence is 6 percent at 10 MeV , 64 percent at 20 MeV , 114 percent at 30 MeV , and increases to 194 percent at 226 MeV .
To quantify the e ect NES has on this di erence, in Figure 31 we plot the fractional di erence between the luminosity spectra obtained with the two transport codes as a function of neutrino energy for c = 1 10 14 gcm ?3 and for models NES and NONES. The results indicate that the fractional di erence is greater for model NES by as much as 22 percent in the critical energy range between 7 and 30 MeV , where the luminosities are signi cant.
For Boltzmann transport and ux-limited di usion, at c = 1 10 12?14 gcm ?3 the luminosities at high energies are lower for model NES because of neutrino downscattering. On the other hand, at low energies the luminosities are higher because (1) more low-energy neutrinos are produced by emission in model NES (see Section 4.2) and (2) neutrino downscattering of high-energy neutrinos is an additional source of low-energy neutrinos. Of course, it is also important that for low-energy neutrinos outward transport is e cient.
Anisotropy
In Figure 32 , for c = 1 10 11?14 gcm ?3 and 5 MeV neutrinos, we plot the ratio of the rst and zeroth moments of the neutrino distribution throughout the core as a function of density. The two moments are de ned by
Because the neutrino mean free paths scale inversely with the square of the neutrino energy, we obtain an upper limit on the anisotropy of the neutrino distribution by considering the lowest neutrino energy in our computation. (Actually, the situation is complicated by the fact that high-energy neutrinos are produced only near the core center, whereas low-energy neutrinos are produced over a much greater fraction of the core. However, for c = 1 10 11?14 gcm ?3 , we computed 1 = 0 for the mass shells at 0 5 10 11 gcm ?3 and for all neutrino energies, and we found that 1 = 0 was always largest for 5 MeV neutrinos.) As we discussed earlier (see Section 1), the di usion code includes only the zeroth and rst Legendre moments of the NES kernels and neutrino distribution function in the NES terms in the transport equation. To consider whether or not this is reasonable during infall, we rst point out that NES is not important during infall until densities reach approximately 5 10 11 gcm ?3 . From Figure 32 we see that at this density the ratio of 1 = 0 is less than 0:2, i.e., the neutrino distribution is not very anisotropic. Hence, higher moments of the neutrino distribution are small (compared to 0 ) and we might conclude that higher moments of the NES kernels do not contribute much to the NES terms in the Boltzmann equation. However, we have demonstrated that NES has a signi cant e ect on the fractional di erences between the electron-neutrino fractions, number densities, and luminosity spectra computed by the Boltzmann and di usion codes in the outer core. This must result from (1) the e ect NES has on the neutrino distribution and (2) 35
